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Abstract
This is an incomplete survey of some non-Abelian discrete symmetries which have
been used recently in attempts to understand the flavor structure of leptons and quarks.
To support such symmetries, new scalar particles are required. In some models, they
are very massive, in which case there may not be much of a trace of their existence
at the TeV scale. In other models, they are themselves at the TeV scale, in which
case there is a reasonable chance for them to be revealed at the LHC (Large Hadron
Collider) at CERN.
Introduction
Leptons and quarks come in three families. Their flavor structure, i.e. the specific values of
their mass and mixing matrices, has long been a puzzle and a subject of study. In recent
years, with the steady accumulation of data on solar and atmospheric neutrino oscillations,
the lepton mixing matrix has been determined to a large extent and it came as a surprise
to many that it does not resemble at all the known quark mixing matrix. Is there a way to
understand this? One possible approach is the use of non-Abelian discrete symmetries, such
as S3 and A4 among others. In this report, I will survey this topic, offering a basic recipe
for constructing models, with an extensive (but nevertheless incomplete) list of references.
Finite Groups
To obtain a non-Abelian discrete symmetry, a simple heuristic way is to choose two specific
noncommuting matrices and form all possible products. As a first example, consider the two
2× 2 matrices:
A =
(
0 1
1 0
)
, B =
(
ω 0
0 ω−1
)
, (1)
where ωn = 1, i.e. ω = exp(2pii/n). Since A2 = 1 and Bn = 1, this group contains Z2 and
Zn. For n = 1, 2, we obtain Z2 and Z2 × Z2 respectively, which are Abelian. For n = 3, the
group generated has 6 elements and is in fact the smallest non-Abelian finite group S3, the
permutation group of 3 objects. This particular representation is not the one found in text
books, but is related to it by a unitary transformation [1], and was first used in 1990 for a
model of quark mass matrices [2, 3]. For n = 4, the group generated has 8 elements which
are in fact ±1, ±σ1, ±σ2, ±iσ3, where σ1,2,3 are the usual Pauli spin matrices. This forms
the group D4, i.e. the symmetry group of the square, which was first used in 2003 [4, 5]. If
the 8 elements are ±1, ±iσ1,2,3 instead, then they form the group of quaternions Q, which
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has also been used [6] for quark and lepton mass matrices. In general, the groups generated
by Eq. (1) have 2n elements and may be denoted as ∆(2n).
Consider next the two 3× 3 matrices:
A =


0 1 0
0 0 1
1 0 0

 , B =


ω 0 0
0 ω2 0
0 0 ω−3

 . (2)
Since A3 = 1 and Bn = 1, this group contains Z3 and Zn. For n = 1, we obtain Z3. For
n = 2, the group generated has 12 elements and is A4, the even permutation group of 4
objects, which was first used in 2001 in a model of lepton mass matrices [7, 8]. It is also the
symmetry group of the tetrahedron, one of five perfect geometric solids, identified by Plato
with the element “fire” [9]. In general, the groups generated by Eq. (2) have 3n2 elements
and may be denoted as ∆(3n2) [10]. They are in fact subgroups of SU(3). In particular,
∆(27) has also been used [11, 12]. Generalizing to k × k matrices, we then have the series
∆(knk−1). However, since there are presumably only 3 families, k > 3 is probably not of
much interest.
Going back to k = 2, but using instead the following two matrices:
A =
(
0 1
1 0
)
, B =
(
ω 0
0 1
)
. (3)
Now again A2 = 1 and Bn = 1, but the group generated will have 2n2 elements. Call it
Σ(2n2). For n = 1, it is just Z2. For n = 2, it is D4 again. For k = 3, consider
A =


0 1 0
0 0 1
1 0 0

 , B =


ω 0 0
0 1 0
0 0 1

 , (4)
then the groups generated have 3n3 elements and may be denoted as Σ(3n3). They are in
fact subgroups of U(3). For n = 1, it is just Z3. For n = 2, it is A4 × Z2. For n = 3, the
group Σ(81) has been used [13] to understand the Koide formula [14] as well as lepton mass
matrices [15]. In general, we have the series Σ(knk).
3
Model Recipe
(I) Choose a group, e.g. S3 or A4, and write down its possible representations. For example
S3 has 1, 1
′, 2; A4 has 1, 1
′, 1′′, 3. Work out all product decompositions. For example
2× 2 = 1 + 1′ + 2 in S3, and 3× 3 = 1 + 1′ + 1′′ + 3 + 3 in A4.
(II) Assign (ν, l)1,2,3 and l
c
1,2,3 to the representations of your choice. If you want to consider
only renormalizable interactions, you will need to add Higgs doublets (and perhaps also
triplets and singlets) and assign them. You may also want to consider adding neutrino
singlets.
(III) Because of your choice of particle content and their representations, the Yukawa struc-
ture of your model is restricted. As the Higgs bosons acquire vacuum expectation values
(which may be related because of some extra or residual symmetry), your lepton mass ma-
trices will have certain particular forms. If the number of parameters involved are less than
the number of observables, you then have one or more predictions. Of course, the forms
themselves have to be consistent with the known values of me, mµ, mτ , etc.
(IV) Because there will be more than one Higgs doublet in such models, flavor nonconserva-
tion will appear at some level. You will need to work out its phenomenological consequences,
making sure that your model is consistent with present experimental constraints. You can
then proceed to explore its observability at the TeV scale.
(V) If you insist on using only the one Higgs doublet of the Standard Model, then you must
consider effective nonrenormalizable interactions to support the discrete flavor symmetry. In
such models, there are no predictions beyond the forms of the mass matrices themselves.
(VI) Quarks can be considered in the same way. The two quark mass matricesMu andMd
must be nearly aligned so that their mixing matrix involves only small angles. In contrast,
Mν and Ml should have different structures so that large angles can be obtained.
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S3
Being the simplest, the non-Abelian discrete symmetry S3 was used already [16] in the early
days of strong interactions. There are many recent applications [17, 18, 19, 20, 21, 22, 23, 24,
25, 26], some of which are discussed in my talk at VI-Silafae [27]. Typically, such models often
require extra symmetries beyond S3 to reduce the number of parameters, or assumptions of
how S3 is spontaneously and softly broken. For illustration, consider the model of Kubo et
al. [17] which has recently been updated by Felix et al. [28]. The symmetry used is actually
S3 × Z2, with the assignments
(ν, l), lc, N, (φ+, φ0) ∼ 1 + 2, (5)
and equal vacuum expectation values for the two Higgs doublets transforming as 2 under S3.
The Z2 symmetry serves to eliminate 4 Yukawa couplings otherwise allowed by S3, resulting
in an inverted ordering of neutrino masses with
θ23 ≃ pi/4, θ13 ≃ 0.0034, mee ≃ 0.05 eV, (6)
where mee is the effective Majorana neutrino mass measured in neutrinoless double beta
decay. This model relates θ13 to the ratio me/mµ.
A4
To understand why quarks and leptons have very different mixing matrices, A4 turns out to
be very useful. It allows the two different quark mass matrices to be diagonalized by the
same unitary tranformations, implying thus no mixing as a first approximation, but because
of the assumed Majorana nature of the neutrinos, a large mismatch may occur in the lepton
sector, thus offering the possibility of obtaining the so-called tribimaximal mixing matrix
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[29, 30], which is a good approximation to present data. One way of doing this is to consider
the decomposition
Ulν =


√
2/3 1/
√
3 0
−1/√6 1/√3 −1/√2
−1/√6 1/√3 1/√2

 = 1√3


1 1 1
1 ω ω2
1 ω2 ω




0 1 0
1/
√
2 0 −i/√2
1/
√
2 0 i/
√
2

 , (7)
where ω = exp(2pii/3) = −1/2+ i√3/2. The matrix involving ω has equal moduli for all its
entries and was conjectured already in 1978 [31, 32] to be a possible candidate for the 3× 3
neutrino mixing matrix.
Since Ulν = U
†
l Uν , where Ul, Uν diagonalizeMlM†l ,MνM†ν respectively, Eq. (7) may be
obtained if we have
U †l =
1√
3


1 1 1
1 ω ω2
1 ω2 ω

 (8)
and
Mν =


a+ 2b 0 0
0 a− b d
0 d a− b

 (9)
=


0 1 0
1/
√
2 0 −i/√2
1/
√
2 0 i/
√
2




a− b+ d 0 0
0 a + 2b 0
0 0 −a + b+ d




0 1/
√
2 1/
√
2
1 0 0
0 −i/√2 i/√2

 . (10)
It was discovered in Ref. [7] that Eq. (8) is naturally obtained with A4 if
(ν, l)1,2,3 ∼ 3, lc1,2,3 ∼ 1 + 1′ + 1′′, (φ+, φ0)1,2,3 ∼ 3 (11)
for 〈φ01〉 = 〈φ02〉 = 〈φ03〉. This assignment also allows me, mµ, mτ to take on arbitrary
values because there are here exactly three independent Yukawa couplings invariant under
A4. If we use this also for quarks [8], then U
†
u and U
†
d are also given by Eq. (8), resulting in
VCKM = 1, i.e. no mixing. This should be considered as a good first approximation because
the observed mixing angles are all small. In the general case without any symmetry, we
would have expected Uu and Ud to be very different.
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It was later discovered in Ref. [33] that Eq. (9) may also be obtained with A4, using two
further assumptions. Consider the most general 3× 3 Majorana mass matrix in the form
Mν =


a+ b+ c f e
f a + bω + cω2 d
e d a+ bω2 + cω

 , (12)
where a comes from 1, b from 1′, c from 1′′, and (d, e, f) from 3 of A4. To get Eq. (9), we
need e = f = 0, i.e. the effective scalar A4 triplet responsible for neutrino masses should
have its vacuum expectation value along the (1,0,0) direction, whereas that responsible
for charged-lepton masses should be (1,1,1) as I remarked earlier. This misalignment is a
technical challenge to all such models [34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45]. The
other requirement is that b = c. Since they come from different representations of A4, this
is rather ad hoc. A very clever solution [34, 39] is to eliminate both, i.e. b = c = 0. This
results in a normal ordering of neutrino masses with the prediction [36]
|mνe|2 ≃ |mee|2 +∆m2atm/9. (13)
Other applications [46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62] of A4 have
also been considered. A natural (spinorial) extension of A4 is the binary tetrahedral group
[63, 64] which is under active current discussion [65, 66, 67, 68].
Others
Other recent applications of non-Abelian discrete flavor symmetries include those of D4
[4, 5, 69], Q4 [6], D5 [70, 71], D6 [72], Q6 [73, 74, 75], D7 [76], S4 [77, 78, 79, 80, 81], ∆(27)
[11, 12], ∆(75) [82, 83], Σ(81) [13, 15], and B3 × Z32 [84, 85] which has 384 elements.
This work was supported in part by the U. S. Department of Energy under Grant No. DE-
FG03-94ER40837.
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